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INTRODUCTION

Wire routing problems have received a great deal of attention over the past two decades.
One method of attacking the general routing problem is to decompose the routing of K nets
into K problems of routing a single net. Such a decomposition requires an intelligent
heuristic to order the nets for routing. The simplest significant single net routing problem
is the optimal interconnecting of two terminals with wires on a grid in the presence of
obstacles (i.e. modules and previously routed wires). It is this problem that we primarily
address here. Generalizations to multiple nets and multiple terminal nets are addressed in a
remarks section at the end. We consider two different optimization criteria - minimum
number of bends and minimum wire length. The minimum number of bends criterion is
considered since an interconnection with a minimum number of bends tends to also have

minimum length and is usuvally easier to compute.

Classic techniques for the two-terminal routing problem involve exploring the
underlying grid systematically [HIGH69.LEE61,RUBI74]. There is an enormous literature on
improvements to these techniques, so that in practice they yield acceptable algorithms ( e.g.
[Hica74,S0Ux81]). However, their worst-case performance is still lower-bounded by the
pumber of grid points available for routing. This number is typically quite large and
theoretically independent of the (much smaller) number of constraints (i.e. modules and

previously routed wires).



QOur algorithms have running times that are polynomial in m, where m is a measure
of the number of constraints. These algorithms are the first to achieve to this bound. The
algorithms exploit new theoretical results that limit the search [COHO84b]. Further, they
exploit techniques from the field of computational geometry, which are not applicable to the
classical techniques [BENT80,LIPs84]. In fact for the problem of routing with the minimum
number of bends our algorithm's time complexity is O(m logm). Using a result of Lipski
[Lirs84] we can conclude that a lower bound on the worst-case time in determining a
minimum bend wiring is Q(mlogm). Thus our algorithm is optimal with respect to
worst-case run-time. (Our measure is with respect to the decision model of computation

{HOoRO78]).

There are two primary approaches to the two-terminal routing problem: maze routers
[LEE61,RuBI74] and line search routers [HEYN80,HIGH69]. Maze routers find optimal
solutions under a wide variety of optimization criteria. However, they have extremely
large memory requirements to represent reasonable-sized circuits and can be slow to find
long interconnections. Line search routers do not store the entire circuit medium and thus
have more reasonable storage requirements than maze routers. In addition, line search
routers have good run-time performance for up to medium size problems and their solutions
are typically close to the minimal number of bends. However, line search routers do not
guarantee finding a solution and their performance degrades and their storage requirements
increase with dense circuits [SOUk81]. The line intersection approach described here is a
synthesis of the maze and line search approaches. This synthesis allows our router to

possess the advantages of both methods without their disadvantages.

THEORETICAL BACKGROUND AND PROBLEM FORMULATION

A circuit medium is one or more rectangular continuous regions (layers). A via is a feed-

through from one layer of a circuit medium to adjoining layers.

A digital device is often decomposed into a collection of functional units or modules.

The modules occupy portions of the circuit medium. Individual modules may have
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different sizes and shapes. The only restriction for a module is that all its boundary edges
must be rectilinear. A similar restriction is applied to the layout of wires. Though they
decrease generality, such restrictions allow for the compact representation of modules and

wires, and typically reflect the capabilities of automatic fabrication equipment.

Various subsets of the modules may require that information be shared for the
operation of the digital device. Each such subset is a net and the information is a signal.
A terminal lies on the boundary of a module and is an interconnection point for a net. A
signal is shared by interconnecting the terminéls that compose a net with wires. Often nets
are decomposed into a tuple of terminal pairs. The terminal pairs are then wired one at a

time in tuple order.
A routing region is that portion of the circuit medium unoccupied by modules.

A routing segment implements all or p:ar_t of an interconnection. It has direction,
position, and width on a specified layer of ihe routing region. The position of a routing
segment is denoted by its endpoints. Formaliy, a wire is a series of routing segments that
connects two terminals. Two successive routing segments of a wire share either a common
endpoint on the same layer or have endpé)ints that share a via. A design rude is a
restriction on the way wires are positioned, formed, or intéeract. Restrictions are imposed to

guarantee the presence or absence of some electrical condition.
The routing problem has the following formal specification:

Input: A circuit medium, a set of modules, a routing region, a net composed of two
terminals, a set of vias, a set of design rules, and an optimization criterion of either
bend minimization or length minimization.

Output: A set of optimal routing segments that implements all nets.

The line intersection approach described here examines a limited subregion, S, of the routing
region. S is organized as a collection of possible routing segments and is guaranteed to
contain an optimal wiring if such a wiring exists. The guarantee is the result of applying
two search limiting theorems [COHO84b]. The routing segments in S are examined in either

a breadth-first or shortest-path search order (depending upon the optimization criterion).



These efficient search techniques enable the router to quickly determine an occurrence of an
optimal wiring. The design rule that our router employs concerns the separation of routing

segments - all wires are at least one separation unit apart.
We now present the necessary terminology to define the set of segments §.

A borizontal segment u=((x,.y,).(w,.y,)) covers horizontal boundary segment
v=((x,,y, ,(w,,y,)) iff the intersection of the closed intervals [x,.w,] and [x,.w,] is
nonempty. A definition follows analogously for a vertical covering. In Figure l.a, ¢ and u

both cover (horizontally) v, and ¢ and r both cover (vertically) s.

A horizontal segment u=((x,.y,).(w,,y,)) in the routing region is maximal iff neither of
the points (x,~1.y,) and (w;+1)y,) are in the routing region. The offset of 1 represents
the basic unit of separation. A definition follows analogously for a maximal wvertical

segment. In Figure l.a, u and r are maximal and ¢ and ¢ are nonmaximal.

The vertical boundary segment that contains the point (x,—1.y,) for maximal segment
u=((x,.y,).{w,.y,)) is the left limiting boundary segment of u. The wvertical boundary
segment that contains the point (w,+1,y,) is the right lmiting boundary segment of u.
Definitions follow analogously for lower limiting and upper limiting horizontal boundary

segments. In Figure l.a, p is a left limiting segment for u and z is an upper limiting
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gsegment for r.

A horizontal line segment u={((x,.y,).(w,.y,)) in the routing region is a type I escape
segment for horizontal boundary segment v=((x,.y,).(w,.y,)) iff u is a maximal segment
that covers v and the absolute difference between y, and y, is 1 unit of separation. A
definition follows analogously for a vertical type I escape segment. In Figure l.a, u is a

horizontal type I escape segment and r is a vertical type I escape segment.

A horizontal segment wu=((x,.y,).(w;.»,)) in the routing region is a type II escape
segment iff # is a maximal segment that intersects terminals @ or &. A definition follows
analogously for a vertical type Il escape segment in the routing region. Note, the terminals
a and b are considered to be in the routing region. In Figure l.a, ¢ is a horizontal type
II escape segment that intersects terminal @, and d is a vertical type Il escape segment that

intersects terminal b.

A segment is an escape segment iff it is either a type I or type II escape segment. In

Figure 1.b, we give a problem instance and its set of escape segments.

Formally then the set of possible routing segments § is the set of a escape segments.

CONSTRUCTING THE ESCAPE LINES

The first step is to identify where we want escape lines. Generating the appropriate initial
ranges of coordinates is straightforward. However, determining where the limiting boundary
segments are for each escape line is not easy. If we had a data structure modeling the
underlying grid it would be trivial, but costly. Not only would the time be independent
of m but the data structure would occupy too much space. We must abandon such
approaches since our data structures must consist only of the line segments of the
constraints and derived information. There is a growing body of literature dealing with
data structures for horizontal and vertical line segments and the algorithms that utilize

them.



In this paper, we use the line-sweep approach, an approach which is widely used within
the field of Computational Geometry. A notable example is [BENT79] where it is used to
report intersecting line segments. Informally it allows our algorithm to view geometrical
objects in the plane through a very long slit. The slit is swept across the (hypothetical)
grid io view the sections of interest. The slit or cross-section has either a horizontal or
vertical orientation; hence typically two disjoint orthogonal sweeps are performed. In Figure
2 a horizontal slit is shown. To simplify this exposition, we will assume that our line-
sweep is horizontal and is as wide as necessary. The vertical sweep will be analogous.
Most horizontal (vertical) line-sweep algorithms accomplish their goal in a single bottom to

top (left to right) pass.

For such an algorithm we must preprocess our data. The modules are described by
their boundary segments. We assume that they can be identified as being bottom, top. left,
or right edges. Wire segments can be thought as segments or as degenerate rectangles.
Here, we assume the latter (ie. a wire segment is described by four segments, two of
which coincide and two of which are points). In addition to these segments, our input

data for the line-sweep algorithm contains the request for all (horizonial) escape segments.
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Every top or bottom edge corresponds to a request, denoted ELR<i,j,y>, for the
horizontal escape line(s) with coordinate y with some abscissae in the range [f.j] The
coordinate y differs from the ordinate of the corresponding edges by =+ 1. Terminals that

lie on either right or left boundaries also request horizontal escape lines.

Preprocessing involves sorting the data. For the horizontal slit sweep phase we only
use top and bottom edges (of modules and wire segments) and requests for horizontal
escape lines. The former are denoted TE<i,j,y> and BE<i,j,y>, where each
corresponding edge has ordinate y and abscissae over [i.jl. These are all sorted by the
ordinates in increasing order. When there are ties, we use as a secondary key the reguest
type where BE <ELR<TE. In addition, if there are a series of TE and BE “requests”
with the same ordinates then the BE series is repeated again after the TE series. (This
redundancy is used to solve some problems introduced by abutting modules). The number
of requests remains O{m) and thus can be sorted in O(m logm) time. The sorted data is
denoted as the command list. Any re(iuest from this list for escape lines above or below

the routing region are removed.

Our algorithm for generating all of the (horizontal) escape line segments makes use of
a data structure GAPS which reflects what can be seen through our hypothetical slit.
What is seen, left to right are open portions of the routing region and portions occluded by
modules or wires. FEach gap or open portion is considered to be a single object (with two
fields indicating its range of abscissae) and the gaps are totally ordered from left to right,
since they cannot overlap. As the slit moves up two evenis can occur - either a bottom
edge is encountered or a top edge is scrolled passed. If the former event occurs then some
gap may be partially or even totally blotted out, or a gap may be split into two smaller
gaps. If a top edge occurs then the range of some gap is extended. This extension may

allow two gaps to coalesce.

GAPS can be implemented using data structures that can represent totally ordered sets.

For our analysis, we assume that balanced search trees are used. Since there will be at



most O(m) gaps, we can expect all operations to be done with O(logm) overhead time.
One operation we need is INSERT(GAPSi.j) which will insert a new gap into GAPS with
range [i,j] where this new gap does not intersect any existing gaps. The other operation
we need is FETCH(GAPS i.j.L option) which returns an ordered (possibly empty) list L of
gaps. A gap on L with range [{.r], denoted g <l >, intersects the range [i,j] at more
than one point. The option parameter indicates whether the elements in L are to be
deleted from GAPS or not. By using data structures that permit efficient splits and merges

this operation can be performed in O{log m+|L]) time [AHO74].

The advantages of GAPS over similar alternative line-sweep structures is that the
requests ELR<i.j.y> can be‘ trivially satisfied. Simply produce (i.e. output) escape line
segments across all the gaps that intersect the range [i,jl. The algorithm in Figure 3 ties
the above comments together. Note that GAPS should be initialized to be one gap which is
the maximum width of the routing region. Also, the algorithm makes little use of the
current ordinate and is unaware, in fact, when the ordinate (of the slit) has increased. In
particular, the slit does not take unit steps, but automatically jumps to the next segment.
It is easy to show that the total length of all the lists returned by FETCH is O(m), hence

the algorithm runs in O(m logm) time.

EXTENSIONS TO ALGORITHMS

In the previous section we used a fairly generous model of the input. We allowed modules
to abut, but not to overlap. Hence if the modules were known only by their constituent
rectangles there would be no need to find the entire contour first. If the contour is known
the algorithm still works of course. If the modules are only known as a collection of
possibly intersecting rectangles then the contour must be determined first. This can be done

in O(m logm) time [GUTI84].

With more specific knowledge about a particular problem instance redundancy in the
code can be removed. This will improve the running time, but not the overall time

complexity. For example, if we know all modules were separated by at least 2 units then
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for each C{i,j,y) in the sorted command list do
case
C=BE(i,j.y):
FETCH (GAPS i—1,j+1.L delete)
for each g{l.r) in L do begin
. if I<i then
INSERT(GAPS .1.i)
if r>j then
INSERT(GAPS.j r)
end for
C=ELR{i.j.y):
FETCH (GAPS i .j.L save)
for each g(l,r) in L do
if I <r—2 then
output (((+1,y), *—1.3))
C=TE{(i.jy):
FETCH(GAPS i—1,j+1,L delete)
for each g{l,r) in L do begin
if r=i then
i=l
if j=I then
j=r
end for
INSERT(GAPS i.j)
end case

Figure 3

we could conclude that each ELR would generate exactly one escape line. Further, the
code for each BE and TE would be simplified and there would be no need to repeat the
BE’s for each ordinate. Though the separation seems reasonable it wusually violated by

wires, which we treat as degenerate modules.

We might proceed by treating wires separately. 'We introduce the commands
BW<i,y> and TW<i,y> to reflect that during a sweep we have encountered the botiom
or the top, respectively, of a (vertical) wire segment at ordinate y with abscissa i. With
these we could maintain in addition to GAPS (which will be ignorant of the effect of the
wires) another simple data structure WIRES which would keep the abscissae (in order) of
all wires that cross the slit in its current position (horizontal wire segments would still be

handled as before). The cumulative cost of this maintenance is O(m logm) time if we



again use balanced tree techniques. WIRES would be consulted for each escape line
segment (generated by GAPS) to see if it wascwt by a wire or wires into smaller segments.
This two-tiered scheme is still O(m logm) overall. If the separation assumption holds this

scheme should run somewhat faster, since most redundant operations have been removed.

If during preprocessing we know whether the endpoints of wire segments were attached
or not then we could return to a one-tiered scheme using just the GAPS data structure.
Let BW'<i,y> be the command for the (rare) event of encountering during a sweep, the
bottom edge of a wire that does not connect to another (horizontal) wire segment or a
module; we reserve BW <i,y> for the complementary case. Define TW and TW' similarly.
With this knowledge. during the initial sorting phase if ties in ordinate value occur than
we use the command type as secondary key using the following ordering - TW < BE < BW'
< ELR < W' < TE < BW. Note that no commands are repeated and that we assume
modules do not abut. It is straightforward to update Figure 3 for this case. Again this

scheme runs in O{m logm) time.

Another incremental improvement involves detecting duplicated escape lines. The
simplest, and sometimes best, way is to sort the (horizontal) escape lines by ordinate and
then abscissa. Note two lines may coincide, but they will not properly overlap. Suppose
we initially sort ELR <i,j.y> before ELR <i'.j'y> if i <i'. ‘In this case the order of the
escape lines are output is very nearly sorted order, so a simple algorithm like InsertionSori
would give good results. By using auxiliary data structures the sorted order could be
generated on the fly. For realistic inputs, duplicates can be found in constant time.

However, pathological cases could make a final InsertionSort preferable.

The improvements in this section have been intentionally vague since they rely on
specific assumptions about the data. They are made to suggest avenues that can be

exploited depending upon what assumptions can be made.
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MINIMUM BEND ROUTING

We wish to find a path from one terminal to another which minimizes bends. We solve
this problem with a shortest path algorithm on the graph induced by the escape line
segments, called the infersection graph. Each vertex of this graph corresponds to a segment,
and an edge (of length 1) corresponds to intersecting segments. Recall that only orthogonal
segments intersect. So the minimum bend path corresponds to the shortest path between
the type II escape segments correspending to the two terminals. Let I be the number of

intersections (i.e. the number of edges).

The standard algorithms in the literature [AHO74] run in O(»?) or O(glogp) time. for
graphs with p vertices, ¢ edges. and non-negative weights. This implies we could solve our
problem in O(m?) or O(Zlogm) time. Since I=0(m? the latter is O(m>logm) though in
practice this bound is pessimistic. Using sophisticated data structures [FRED84b] we could
have an O{plogp +¢) time algorithm, which translates as O(mlogm + I) time, which is
O(m?) in the worst-case. The approach we recommend was discovered by Lipski [LPs84]
and is shown in Figure 4. It employs a simple breadth-first scheme to compute the single
source solution (i.e. from segment s to all other segments). A breadth-first scheme is used
since all the edges weights are 1. The algorithm runs in O(mlogm) time which is
remarkable since this implies that every edge of the intersection graph need not be
examined. This is done by not representing the graph explicitly but working directly from
the rectilinear segments. When a segment is encountered it is processed and “erased” so
that it is not “intersected with” later. Hence only O(m) intersections are encountered, even
if I is not O(m). (Essentially the same scheme was found by Imai and Asano [IMA184],

though they only give an explicit discussion of depth-first search).

The outline of the algorithm is same as all breadth-first search algorithms; the key
here is understanding NEIGHBORS. The routine returns a list L of all segments in U
that are adjacent to (i.e. intersect) segment p, where U is the set of all segments that have

not yet been visited. The queue used by the algorithm contains visited segments that may
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Back, = nil
InitializeQueve
Engueue(s)
U = {all segments}
DELETEW s}
while not EmptyQueue do
Degueve (p) '
NEIGHBORS(p .U .L)
for each r in L do
DELETE(U r)
Engueue (r)
Back, = p
end for
end while

Figure 4

intergect unvigited segments. The link structure Back, points backward along the shortest

path from 5 to r.

If NEIGHBORS were implemented by _seguentially searching U then we derive an
0(m?) time algorithm. What is desired is that the call to NEIGHBORS takes O(logm+k)
time where k=|L|, the number of reported intersections. This can be done [VAIs82],
however, there is a substantial penalty when U can shrink over time (which is the case
here), i.e. O(log®m + k) time. However, Lipski has effectively accomplished the same thing
using amortized worst-case analysis. In particular, each call may not take O(logm+k) time
but averaged over all the O(m) calls to NEIGHBORS, the net result is the same as if it
had. ~This is due to the use, internally, of a disjoint set algorithm [GABO83] that can do

ny set finds and n set unions in O(n;+n;,) total amortized time.

The primary data structure used by NEIGHBORS is a segment tree, first described in
[BENT80]. A node of this tree corresponds to some range of abscissae [a,b] and a
complicated secondary data structure is associated with each such node. These secondary
structures are used to remember all horizontal segments that completely span that range
and all the vertical segments in that range. Since the ranges for various nodes (on a path

of the tree) intersect there is much redundancy in the whole scheme. As a result the space
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requirements are O{mlogm). The DELETE procedure runs in O(logm) amortized time.
Its task is complicated by the fact that to remove an escape segment from the whole
segment tree requires that we must also remove all its redundant instances as well. This
scheme is well-suited for this kind of application, however, the scheme does not readily

admit an INSERT(U,.p) to its repertoire.

From the above remarks we can see that the running time of Lipski's algorithm is
O(m logm). So in conjunction with the algorithms in the previous sections, we get an

optimal algorithm for the single-layer minimal bend problem in the worst-case.

EMPIRICAL RESULTS

The minimum bend algorithm in Figure 4 was implemented in C. Beneath the surface
simplicity of the breadth-first search is a sea of details. The data structures are quite
complicated. The secondary data structures, mentioned above, make use of a set union
algorithm. The internal details of this algorithm allows us to use a complicated approach
with good amortized performance. We acknowledge that for many applications the
additional complexity is not justified and a simpler set union algorithm should be used
[FrED84b]. However, we did implement the complete algorithm. To gauge the benefit of
the overbead we also coded a straightforward breadth-first scheme. Instead of wusing a
complete linear search for NEIGHBORS we used a binary search into the list of segments

(sorted by ordinate and then abscissa) to speed the linear search.

Operation Simple BFS | Lipski's BES
Routing 19.34 9.17
Sorting 325 3.60
Preprocessing 0.1 8.20

Figure 5
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The two algorithms were run on the same data. The data consisted of many rows of
randomly placed modules. The table of Figure 5 shows the run-times, in seconds, of a

trial with 2041 modules.

The most important observation is that the time needed for actual routing is much
less, indicating that the complex algorithms are more efficient for many modules. However
for small m the situation is reversed, as expected. The other entries in the table are
harder to compare. For example, preprocessing time for the segment trees is somewhat

inflated, since we made no attempt at optimizing this code.

The sorting times represent an unfair but enlightening comparison. Given the original
general problem statement it is clear that we should use a general comparison-based sorting
algorithm. 'We were seduced into using a bucket sort due to its speed. However, the two
entries are irrelevant since in an actual system the input to this program is either presorted

or containg a degree of sortedness that may favor one algorithm or the other.

A classical Hightower-like line-search algorithm was also implemented. Its run-time
performance was approximately 4 times slower than the simple BFS algorithm for instances
with 1000 modules. Its relative performance to the BFS algorithms steadily degraded as

the number of modules increased.

ROUTING ON SEVERAL LAYERS

We can easily make the transition from one to several layers. We assume all the vias are
known during preprocessing. Hence we can create requests ELR<iji,y> for the
(horizontal) escape line segments going through a via with coordinates (i,y). We assume
that every escape segment will be labeled with the names of any vias it intersects by a
simple modification of our original procedure. Further, we assume the names of vias are
small integers that can be used as indices into other structures. We will maintain an
auxiliary structure, called via—lists, to supply those escape segments from the different

layers that intersect a given via.
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Clearly, we require our original data to specify the layers on which the module
boundaries and the wire segments occur. Let the number of layers be I which we assume
to be a small constant. There will be 2 passes of our line-sweep algorithm for escape
segment generation. (A horizontal and vertical orientation for each layer). Note that a via

maintains one global name for all of its appearances.

To discuss minimum .bend routing we must define the effect of using a via on the
number of bends. We adopt a simple and reasonable convention of counting the via as one
more segment in the path. (If a penalty more arbitrary than some constant is used we
need to abandon the breadth-first schema we intend to use). In that case, we can adapt

the Lipski shortest path algorithm.

The principal change in the algorithm is that when a segment p is taken off the queue
it puts on the queue the names of any vias that it intersects that have not been visited.
Each such via is immediately marked as visited in some global data structure. When the
via is later taken off the queue, it is processed differently from a segment. It uses its
via—list to put each of its unvisited intersecting segments (i.e. those in U/) onto the queue.
It will be faster if we implement U as a partition Uy, Uy, - -+, U;, where the segments are
grouped according to layer. This implies that NEIGHBORS and DELETE will be

responsible for maintaining ! disjoint sets of data structures.

There are two ways to find the neighbors of a vie—list with respect to the set U.
The first is to have all appearances of a segment on all the individual vie—lists to be
linked together. Then, when the segment is removed from U, it is immediately removed
from the via—lists. Typically this would take constant time, but if vias are co-linear then
it could take O(m) time. Even so, the amortized time for all such removals is still O(m).
If it is desired that each DELETE take O(logm) time then we can leave the via-—lists
alone and maintain the set U explicitly in another balanced tree to be consulted in

O(logm) time.
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SINGLE LAYER MINIMUM LENGTH ROUTING

To determine the minimum length routing between two terminals we recast this as a
shortest path problem on the escape graph. The vertices of this graph correspond to the
points that lie at the intersection of escape segments and to the two terminals. An edge
connects two vertices if they lie on the same escape segment and the length of the edge is
the corresponding Euclidean distance. A shortest path between the terminals gives a
solution to our original problem. The escape graph has O(J) vertices and edges, where I is
the number of intersections (e.g. the number of vertices is /+2). By modifying the

procedure for generating the escape lines we can generate this graph in O(Gn logm +17) time.

Using known techniques [AHO74] discussed above we can solve this problem in
O(IlogI) or O(Ilogm) time. Recall, in the worst-case that I is O(m?), but typically 7/
is O(m) so we might expect O(m logm) performance in practice. In any event this step's
time complexity subsumes the preprocessing time. The only major advance is a recent
algorithm by Frederickson [FRED84a] for finding shortest paths in planar graphs with p
vertices that runs in O(p Jl_é_é—; ) time. The escape graph is planar in the single layer case,
therefore this algorithm runs in O(Z Viogm ) time. However, the algorithm in [FRED84a] is
quite complicated. It makes extensive use of algorithms for finding separators of planar
graphs that afe prohibitively complex for small values of m. Hence it is only of theoretic
interest. However it does point the way for improved shortest path problems on other
restricted classes of graphs. We are concerned with Euclidean planar graphs, in particular

rectilinear planar graphs.

Wu, et al. [WU85] consider the problem of rectilinear shortest paths betweens points in
the presence of ¢ modules (formed from m constraints) which are x—y convex. They
allow routing along the boundaries of the modules but our problem statement can be
mapped to theirs by enlarging all our modules by one unit in each direction. They
consiruct a reduced version of the escape graph called the track greph which extends the

four extreme edges of a module (i.e. those that lie on the least bounding rectangle). The
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two terminals also have escape lines but they only extend to the first boundary or previous
escape line. Finally all the other edges are included but not extended into escape lines.
This final set of edges may include “'staircases” of vertices of degree 2 but these are
removed during preprocessing and are repl_acc_ad in the track graph with a single artificial
edge. Hence the track graph has just O vertices and edges, where I" is the number of
intersections of those escape lines we retained (note I' is 0(?). They give an

O(m logt =1I') time algorithm to construct the track graph.

They prove that the shortest paths for the original problem are shortest paths on the
track graph, with the exception of the case where the two terminals are near each other.
This case, where the terminals are in the same “horizontal or vertical region”, is solved in
a preprocessing step in constant time with the track graph. Oth_erwise they revert to a
standard shortest path algorithm [AHO74] that runs in O(glogp) time for ¢ edges and p
vertices. Hence their algorithm runs in O(I'logI”) or O(I'logz) time. Since ¢ can be
Q(n) this algorithm is no better in the worst case. However if the modules typically
have many edges then ¢ could be much smaller than m and their algorithm would be
faster. Note that the track graph is pl_gnar. Using Frederickson's result we get

O(I"'Vlogt ) which is the best known result for x—y convex modules.

Another problem similar to ours was addressed by de Rezende, et al. [DE 85]. However
they assume that the obstacles are all rectangular modules and that they are all disjoint.
While they do not necessarily route over integral grid lines, we could transform our
problem instance, as described above, to use their algorithm. They give an O(mlogm) time

algorithm for finding the shortest rectilinear path, in this case.

REMARKS

In a typical system a router is expected to route K nets. We assume that these nets have
been ordered and we will use our algorithm to route each successive net. After each wire
is routed that wire becomes an obstacle(s) for the next net, i.e. the parameter m increases

over time. In the worst case each routing will require Q(mlogm) time. Therefore it
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would be permissible to “waste” O(mlogm) time to reconstruct the data structures from

scraich.

It is an important benefit of a breadth-first search algorithm that short wires are
routed gquickly. In practice, since most wires are short, it would be extravagant to build
new data structures after each routing. Suppose that there are ¥ wupdates, i.e. insertions or
deletions, to the set of escape segments. These would be due to new segments bordering
the previous wire and old segments cut by the wire. These can be discovered in O(klogm)
amortized time. (We would repeatedly use the procedure right in [IMAI84]). If the data
structures could then be updated in the same time, we would be done. However, as
mentioned above, the operation of insertion is not supported. This is due to the
asymmetric nature of the underlying set union algorithm. (Interestingly, by using set
splitting we could support insertion without deletion [IMA184]). I we return to the original
Lipski algoritbm [L1Ps83] we find a data structure that supports both insertion and deletion
in O(log?m) time and fetches in O(log?m + IL1) time. He improved these to
O(logm loglogm) and O(logm loglogm + IL) respectively. However he assumes that the
integer coordinates come from the range 0 to N=0{(m). A complicated data structure that
does not have this restriction but has the same time bounds appears in [FRIES5]. We can
perform the fetches in O(logm + IL1) time [GUTI85] but need O(logim) time for the

updates and O{(m log?m) space (O(log?m) time if N=0(m)).

Therefore we can go from one routing problem to the next in O(klogm loglogm) time.
In practice, though, we would recommed the simpler O(klog’m) approach. Note that we
must restore the data structures after the breadih-first search since it deleted many
segments. If we stack the deleted segments and restore them with matching insertions the

total execution time at most doubles.

Another approach is to generate positions of the escape graph as needed [CoHO84a].
This would entail using some procedure akin to NEIGHBORS. The savings would come

from those cases where the destination was fully processed before the entire graph was
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explored. However, more intriguing is a possibility of using the partial escape graph for
heuristics. It is an open area of research to combine these techniques with heuristics such

as those used to guide current production routers.

The final generalization we consider is interconnecting a multi-terminal net. For this
problem, we recommend the technique of multiplexing the two-terminal routing algorithms.
Let + be the number of terminals in the net. Initially, there are ¢ simultaneous active
searches being conducted, where the iI”‘ search is associated with the i terminal in the net.
As escape segments are visited, they are marked with the terminal associated with the
search. Whenever, a search visits a segment that was previously visited by another search,
the search that did not perform the initial visit is halted. By establishing back pointers
during the searches, a spanning tree interconnecting all terminals can be constructed from
those segments that were visited by different searches. This spanning tree is not guaranteed
to be optimal. However in practice it is quite good. For example, applying the
maultiplexed search to a net with two-terminal problem increases the number of bends in
the solution by at most one bend. Variations of the searches are also possible to increase
the qualit& of the solution. As the total number of segments visited is O(m +¢). the
running time of the basic multiplexed search is comparable to the running time for a single

search with a two terminal net.
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