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Abstract

We address the issue of supporting fault-tolerance in a real-time system, where
the deadlines of periodic tasks are guaranteed by the Rate-Monotonic algorithm. The
problemis stated as one to minimize the total number of processors required to exe-
cute a set of periodic tasks, each of which, for fault-tolerance purposes, has multiple
versions. A simple but effective algorithm is proposed to solve the task allocation
problem. The algorithmis shown to have superior wor st-case and average-case per-
formance.



|. Introduction

Rate-Monotonic (RM) scheduling [12, 16] is becoming a viable scheduling discipline for
real-time systems. Through the years, researchers have successfully developed a host of scheduling
techniques out of this discipline to solve many practical real-time problems, such as task synchro-
nization, bus scheduling, joint scheduling of periodic and aperiodic tasks, transient overload, and
parallel processing [14, 15]. The rate-monotonic scheduling discipline has been widely used in a
number of applications. For example, it has been specified for use with software on board the Space
Station as the means for scheduling multiple independent task execution; it will be built into the
on-board operating system [6]. Many Ada compilers also support the scheduling discipline [15].

Rate-monotonic algorithm is the optimal algorithm for scheduling periodic tasks to meet their
deadlines. It is optimal in the sense that if a set of periodic tasks can be feasibly scheduled by a
fixed-priority algorithm, it can be scheduled by the rate-monotonic algorithm. In many mission-
critical and life-critical applications, periodic tasks are often executed in a hard real-time environ-
ment, where missing a task deadline may result in catastrophic consequences. Rate-monotonic
scheduling, with its ease of implementation and its optimadityg powerful vehicle in guarantee-
ing task deadlines in such hard real-time environments. Howieean only do so as long as the
processors never fail or the tasks never produce any erroneous results. Unfoytpircatesgors
do fail in reality especially in a system that support long duration of operations; and tasks do pro-
duce erroneous results, especially in gdazomplex system. In order to support the dependability
or fault-tolerance of these real-time systems, we study the problem of guaranteeing task deadlines
even in the presence of processor failures and task errors. In pgriiailail show how to meet
task deadlines even in the presence of processor failures or task errors in a periodic task system,
where task deadlines are guaranteed by the rate-monotonic algorithm. The problem is formulated
as an optimization problem and a simple algorithm is devised to solve it.

Much work has been done in addressing the fault-tolerance of real-time systems; but due to
space limit, we mention only a feWote that these papers address the issues unéEredif
assumptions and some of them are only remotely related to our work. Krishna and Shin proposed
a dynamic programming algorithm that ensures that backup or contingency schedules ftan be ef
ciently embedded within the original “primary” schedule to ensure that deadlines continue to be
met even in the face of processor failures [9]. Unfortunatedyr algorithm has the drawback that
it is premised on the solution to two NP-complete problems. Balaji et al presented an algorithm to



dynamically distribute the workload of afailed processor to other operable processors[1]. Thetol-
erance of some processor failures is achieved under the condition that the task set is fixed, and
enough processing power is available to execute it. In other words, the guarantee of task deadlines
has been assumed beforehand. Bannister and Trivedi considered the allocation of a set of periodic
tasks to anumber of processors so that a certain number of processor failures can be sustained [2].
All the tasks have the same number of clones (or copies), and for each task, al its clones have the
same computation time requirement. An approximation algorithm is proposed, and the ratio of the
performance of the algorithm to that of the optimal algorithm, with respect to the balance of pro-
cessor utilization, is obtained. However, their allocation algorithm does not consider the problem
of minimizing the number of processors used, and the problem of how to guarantee task deadlines
on each processor is not addressed. These are theimportant considerationsthat our work addresses.

We make the general assumption that for fault-tolerance purposes, a task has multiple ver-
sions, each of which must be executed on a different processor. The problem, dubbed the Fault-
Tolerant Rate-Monotonic Multiprocessor Scheduling (or FT-RMMYS), is stated as one that the min-
imum number of processorsis used to guarantee task deadlines and copies or versions of each task
are assigned to different processors for fault-tolerance purposes. While the need to guarantee task
deadlinesiswell known for areal-time system, the importance of minimizing the total number of
processorsis often not fully understood. First, using more processors will increase the probability
of having more processor failures. Second, using more processorswill affect the cost, weight, size,
and power consumption of the whole system, the increase of any of which may jeopardize the suc-
cess of an entire operation. For certain applications of real-time systems, such as aerospace and
submarine control, these factors could be very important.

Although the process to assign versions of atask to different processors could be straightfor-
ward, it is non-trivial to minimize the number of processors used to accommodate them. In fact,
the simplest version of the FT-RMMS problem, which is the Rate-Monotonic Multiprocessor
Scheduling (or RMMYS) problem, has been proven to be NP-complete [10]. Hence, any practical
solution to the problem presents a trade-off between computational complexity and performance.
It has been shown that heuristic algorithms can deliver near-optimal solutions to NP-complete
problems with limited computational overhead [7, 14].

Although a number of heuristic algorithms have been proposed to solve the RMMS problem
[3, 4, 5, 14], there is only one solution to the FT-RMMS problem so far. A heuristic algorithm,
called FT-RM-FF, is developed in [13]; it applies a variant of the bin-packing heuristic, the First-
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Fit, to assign tasks to processors. The algorithm is a dynamic or on-line one, and its worst-case per-
formance is shown to be upper bounded by 2.33, i.e., the maximum ratio between the number of
processors required to schedule a set of tasks and the minimum number of processors required to
schedule the same task set is 2.33 foRIM-FF

Our approach for developing a heuristic algorithm foilRMMS is quite diferent from the
previous one. Rather than increasing the level of sophistication of the bin-packing heuristic, we
base our new scheme on two novel ideas: a divide-and-conquer strategy and a tighter schedulabil-
ity condition. The divide-and-conquer strategy allows us to separate the requirements of ensuring
versions of a task be assigned tded#nt processors and guaranteeing the tasks assigned to a pro-
cessor meet their deadlines. The schedulability condition allows us to assign more tasks to each
processor by enabling re-ordering of the tasks for assignments. The combination of these two ideas
results in a scheme called-RM-NF, which is superior in the worst-case and average-case perfor-
mance, and fast in assigning tasks to processofRM-NF has a time complexity @ (knlogn)
and a worst-case bound of 2 abd(1—a) fora < 1/2, wherex is the maximum allowable uti-
lization of any version among all taskgs the total number of tasks, akds the maximum num-
ber of versions a task can have. In most practical applicatioasisually small, i.eq < 1/2, thus
the worst-case performance bound is much better than 2. Simulation results showRN&NFT

uses less than 10% extra processors wheid.2.

The rest of the paper isganized as follows: problem formulation and background informa-
tion are described in the next section, which includes the definition of the problem and the criteria
under which the performance of the heuristic algorithm is measured. In section Ill, we present the
FT-RM-NF algorithm and analyze its performance, followed by the empirical results on the per-
formance of FIRM-NF in section IV. V& conclude in section V with a discussion of the limita-

tions and contributions of this work.

1. Problem Formulation

We assume that processors are homogeneous, i.e., they have identical speed. Far a set of

tasks, we assume:

(A) Eachtask hag; versions, wherg; is a natural numbeThek; versions of a task may
have diferent computation time requirements, andrheersions may be merely cop-
ies of one implementation or truly versions ofeliént implementations.

(B) All versions of a task must be executed offedént processors for fault-tolerance pur-



poses.
(C) The requests of all tasks are periodic with constant intervals between requests. The
request of a task consists of the requests of all its versions, i.e., all versions of a task are
ready for execution when its request arrives.
(D) Each task must be completed before the next request for it arrives, i.e., all its versions
must be completed at the end of each request period.
(E) The tasks are independent in the sense that the requests of a task do not depend on the
initiation or the completion of requests for other tasks.
For a taskt with a period ofT, the request of task comprises the readiness of taskor
execution and its CPU request. If the initial release time ofttasIR, then the task will arrive in
the system at timB + KT, wherek is a positive integeand we say that there is a request from task
T everyT time units for execution. According to assumption (D), a request fronttaskime
instance R + KT) must be completed before the next request of the same task arrives, i.e., before
time instanceR + (k + 1)T], wherek is a positive integeA task meets its deadline if all requests
of all its versions meet their deadlines.

Note that assumptions (C), (D), and (E) are the same as those in the task model for rate-mono-
tonic scheduling; they represent a simplified model for most practical real-time applications. As
we have noted above, much work has been done in successfully generalizing the original model

for rate-monotonic scheduling.

Assumptions (A) and (B) make a rather general statement about the redundancy schemes
used by each task. The term “version” has been ud¢d@rsion programming to denote multiple
implementations of a task. Howey#ar the sake of convenience, it is used here to denote both true
versions of a task and mere copies of a single task version. In the case of using merely duplicated
copies, the errors produced by a task cannot be tolerated, since all the versions, or merely dupli-
cated copies, produce the same results. But processor failures can be tolerated by using mere copie:
of a task and executing them onfelient processors.oltolerate task errors, tefent versions of
a task need not execute onfeliént processors. If the employment of multiple versions for a task
is for the tolerance of task errors gnlye can treat all its versions as independent tasks in this
model. Here we are not concerned with details about what faults are to be tolerated or how faults
are tolerated, rather we make the general statement that for fault-tolerance purposes, each task ha:
a number of versions that must be executed derdiit processors. Note that the number of ver-
sions used by each task can béedént, depending on the applications; the smallest is one (ver-



sion) and the largest isK. In other words, K; may assume a different value, ranging from 1 to k.

Since the computation time requirement of a request for each version may be different, we
use the worst-case estimate as the computation time requirement for each version in making sched-
uling decisions. The time to switch a processor from one task to another is assumed to be zero, but

in practice, the switching time can be included in the worst-case time estimate.

We say that a set of tasksis feasible if it can be scheduled by some algorithms such that all
task deadlines are met. If a set of periodic tasks can be feasibly scheduled on a single processor,
then the Rate-Monotonic (RM) [12] or Intelligent Fixed Priority algorithm [16] is optimal, in the
sensethat if aset of periodic tasksisfeasible with afixed-priority algorithm, then it isfeasible with
the RM agorithm. The RM algorithm assigns priorities to tasks according to their periods, where
the priority of atask isin inverse relationship to its period. In other words, a task with a shorter
period is assigned a higher priority. The execution of a low-priority task will be preempted if a
high-priority task arrives. Since each task has a potentially infinite number of requests, it would be
rather time-consuming to manually check that each request finishes before its corresponding dead-
line. Fortunately, Liu, Layland, and others have provided us with simple schedulability conditions
that we can use for that purpose. Because RM isthe best fixed-priority algorithm in the same sense
as its optimality, and its ease of implementation due to the fixed-priority manner, we will useitin
guaranteeing task deadlines on each processor. The FT-RMMS problem can thus be formulated as
follows

Fault-Tolerant-Rate-M onotonic-M ultiprocessor-Scheduling (FT-RMMS) Problem: A
setof ntasksz = {1, T,, ..., T} isgivenwith 1, = ((Ci,l’ G Ci‘K_),Ri, D, T, fori=
1,2, ...,n, where Ci G Ci,Ki are the computation times of the k; vérsionsof tak 1,. R,
D;,and T, are the release time, deadline, and period of task T;, respectively. The question is to
schedulethetask set 2 using the least number of processors such that al task deadlines are met and

all versions of atask execute on different processors.

An optimal algorithm is the one that always uses the minimum number of processorsto exe-
cute any given task set. According to assumption (D), the deadline of each task coincides with its
next arrival. For periodic task scheduling, it has been proven [12] that the release times of tasks do
not affect the schedulability of the tasks. Therefore, release time R, and deadline D; can be safely
omitted when we consider solutionsto the problem. Let u = G j / T, bethe utilization (or load)
of the jth version of task 1, and u; = ZJK: 1Ci,j/Ti be the utilization (or load) of task T, . Define



K =max, ;. .K, anda = max; | (Ci’j/Ti) , i.e.,a is the maximum allowable utilization of any

version among all tasks.

The general solution to such a problem asMIMS or RMMS involves two algorithms: one
to schedule tasks assigned on each individual pro¢esgbthe other to assign tasks to the proces-
sors. Ypically, the task assignment schemes apply variants of well-known bin-packing heuristics
where the set of processors is regarded as a set of bins. The decision whether a processor is full is
determined by a schedulability condition. Unlike bin-packing, the schedulability conditions for
RM scheduling on a single processor are usually non-linear functions of task utilizations; therefore,

more complexity is involved in designing and analyzing heuristics for these problems.

The performance of a task assignment algorithm is often evaluated by providing worst-case
bounds, i.e., finding the maximum raf¥y, () /N, (Z) across all task sets, whekg, (2) (or
justNa) andN, (Z) (or justNp) are the number of processors required by the heubistid the
optimal number of processors required to schedule a given ta3k sespectively\Worst-case
bounds are determined by

O N
DA:merzl:
O

A(2) g
<r for al task sets >[1.
N0 0

A slightly different measurement called the asymptotic performance bound, which is more of the-

oretical interest, can also be used:

0

N, (2)
<r for dl task setszg

w 0
DA =inf 0 > 1: forsomeNDZ+, NozN,
O 0

It is apparent that the smaller the,’s value is, the better the heuristic algoritArperforms in

terms of the worst-case scenario. In other words, the smaller thevalue is, the closer the heu-
ristic solution is to the optimal one. Hence, we want to minirnizeas much as possible when we
design a heuristic algorithm. For our particular problem eRIMMS, we derive a bound that is
stricter thanll , ; it is the maximum ratio between the number of processors required by the heu-
ristic A to schedule a given task $etand the total utilization (or load) of the task EetSince the
optimal number of processors required to execute a task set must be no smaller than its total utili-
zation,[1, can be immediately obtained as well. Obtaining the bound with regard to the total uti-
lization of a task set provides us with more information, since the optimal number of processors
cannot be found in reality when the task set is reasonablg, lahile the total load of a task set

can always be calculated.

As it was previously noted, in order to tolerate processor failures or task errors, redundant
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processors need to be introduced. In general, using more processors will increase the fault-toler-
ance of a system. Howeyéhnere is a limit to which adding more processors will decrease the over-

all fault-tolerance of the system, since using more processors increases the probability of having
more processor failures. An interesting question to which a system designer would want to know
the answer is the tradetdfetween the number of redundant processors used and the fault-toler-
ance (e.g., reliability and availability) of the system. Though we cannot answer this question com-
pletely in this work (since it requires application-specific information), we provide a partial answer
to it by proposing a heuristic algorithm to schedule the tasks such that we can put bounds on the
total number of processors used for a certain task set in terms of the maximumkdegtaesk
redundance and the total utilization of the task set. The current bounds are the lowest (hence the
best) ones for this problem.ithout such bounds, it would be impossible to calculate the fault-tol-
erance (e.g., reliability and availability) of the system.

II. The Design and Analysis of FT-Rate-Monotonic-Next-Fit

To solve the FRMMS problem, we need to address two issues: the scheduling on each pro-
cessor and the assignment of tasks to processors. In general, the performance of a heuristic algo-
rithm to solve this problem depends on the strategies taken to solve these two issues. One simple
solution to the problem will be to use one processor for the execution of each task version.
Although this solution guarantees that each request of each version of a task meets its deadline and
that versions of a tasks be assigned tfediht processors for fault-tolerance purposes, it is very
inefficient in processor usage. As we havguad before, our goal is to use as few processors as
possible to accommodate a given set of tasks. In the following, we will first present the schedula-
bility condition that will be used in FRM-NF and then the strategy to assign tasks to processors.

Asetoftaske = {1,= (C, T)) |i =1,2,...,n} isgiven to be scheduled on a single pro-
cessor Liu and Layland provides us with a schedulability condition thazf? C/T <
nHZl/n—lg, then all then tasks can be scheduled to meet their deadlines by the RM algorithm.
We would like to use this condition in determining the feasibility of a set of tasks, but the perfor-
mance of the heuristics using this condition in solving the RMMS problem is not as good, as shown
by the work done in [4, 5, 14]. This is because the condition is a worst-case one. There are some
task sets that are feasible with the RM algorithm, but cannot be determined to be feasible by the

condition.

A necessary and didient condition has been found for the RM algorithm [§, It is appar-



ent that the upper bounds of the performance of heuristic algorithms using the necessary and suf-
ficient condition are not higher than those of the algorithms using afigientf condition.
However the time complexity in using the necessary anficserit condition for the RM algorithm

is data-dependent. Due to the stringent requirements of hard real-time systems, it is not practical
to employ the necessary andfsiént condition in general for these systems. Hence, heuristic
algorithms using simple didient conditions are often sought in the solution of such problems as
FT-RMMS.

In the following, we will be using a new $igfent schedulability condition for the scheduling
of tasks; it is given in Theorem 1, and in a simpler form, in Corollary 1 [3].

Theorem 1. Let {1, = (C;, T)) |i =1,2,...,n} be a setoftasks. Define
V; = log,T, - |_IogZTiJ fori = 1,2,...,n. (1)

Then sort theV; s in the oder of inceasing value andename them to b¥, fori = 1,2, ..., n.

n n—1,Yi:1—V 1+V,-V,
If zizlci/TiSzizlz 2

the RM algorithm.

" —n, then the task set can be feasibly scheduled by

This condition is superior to Liu and Laylasdtondition in performance, since it always
yields a processor utilization no lower than that by the Liu and Lagaeaidition [12]. It is also
superior to the necessary andfisignt condition in time complexitsince the former runs only in
time linear to the number of tasks, while the time complexity of the latter is data-dependent and is
at least linear to the number of tasks. The higher processor utilization is achieved by this new con-
dition, since it uses more information from the task set. The new condition, which is referred to as
the Period-Oriented (or PO) condition, takes into account the relative values of task pgriods
and it is derived under the worst-case situation in ter@, ofvhile Liu and Layland condition
does not consider; andC; specifically Under the worst-case situation Bf, the new condition
degrades to the worst-case condition, %.n: G/ T < nHZl/n - 15. The proof of the theorem
can be found in [14].

It is obvious that for eact value,0 <V, <1. We can simplify the PO condition by defining
B=V, - V,,whereV,_ is the lagest anav, the smallest among all thévalues (since they are
sorted). By this definition, we immediately obtain the following corollary

Corollary 1: Let {1, = (C;, T)) |i =1,2,...,n} be asetofntasks anf be defined as in
(1). DefineB = max, _;_V; —min, V. If $7_ C/T < (n-1) ¥ "7 —1)+2"7F -
1< max{In2, 1-BIn2} ,then the task set can be feasibly scheduled by the RM algorithm.
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In the above condition, it isapparent that the smaller the value of 3 is, the higher the processor
utilization is, since the function f (B) = max{In2, 1 -BIn2} increases as 3 decreases. In order
to achieve higher processor utilization, we shall try, in the design of a new scheme, to minimize 3
as much as possible by assigning tasks with V values close to each other.

Now that we have a tighter schedulability condition, we need to find a better way to assign
tasks to processors. Since versions of atask must be assigned to different processors, we observe
that asimple way to separate the concerns of ensuring versions of atask being assigned on different
processors and using the least number of processorsis to divide the processors into K classes. To
simplify the matter of presentation, we assume without |oss of generality that each version of atask
is numbered from 1 to K; < K. The processors are also divided into k classes. Theith version of a
task will be assigned to a processor in the ith class. Since the utilization bound increases as [3
decreases in the PO condition, a natural way to minimize the number of processorsisto first sort
the tasks in the order of increasing or decreasing V values and then schedule them using the PO
condition. In such away, we assign the tasks having close V values together, i.e., asmall 3 value,
thus increasing the total utilization of a processor. The FT-RM-NF algorithm is described as fol-
lows:

Fault-Tolerant-Rate-M onotonic-Next-Fit (FT-RM-NF) (Input: task set X; Output: m)

(1) Sortthetask setsuchthatO<V, <...<V_ <1

2 i:=1 NJ. =1forj=1,...,K;

(3) To schedule the k; versions of task T;, assign the jth (1 < j < k;) version of task T, to
processor Pj‘ N in the jth processor classif this version together with the versions that
have been assigned to Pjy N can be feasibly scheduled on it according to the PO condi-
tion, i.e,

UJ.,NJ_ tu < max { In2, 1—len2} where Bj = Vi—SJ’NJ_
If not, assign the version to Pj‘Nj+1 and N, :=N; +1, S],Nj
(4) Ifi<n,theni:=i+ 1andgoto(3); elsestop.

=V..

The initial value of SJ N IS diven by thefirst version assigned to a processor in the jth pro-
|
cessor class. The number of versions assigned to each processor class may be different because
each task may have different number of versions. U N denotesthetotal utilization of the versions
|

that have been assigned to processor Pj n. - The Next-Fit strategy is used to assign versionsto pro-
|
cessors within aprocessor class. The sorting processtakes O (nlogn) and the assignment process
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takes O (knlogn) . Sincek = 1, FT-RM-NFrunsat O (knlogn) and henceit isan effective algo-
rithm. The algorithm is apparently a static (or off-line) one.

Though this algorithm is quite simple, it can deliver very efficient worst-case performance,
as shown by the following theorem. It performs even better asa = max; (Ci’j/Ti) decreases. It
may also be true that the worst-case performance of other algorithms increases as a decreases, but
the increase in the performance of FT-RM-NF is very rapid, as shown below.

Theorem 2: Let N be the number of processors required by FT-RM-NF to feasibly schedule

a given set of tasks with a total utilization of U = Z”_ Y and a = max; (Ci’j/Ti) Afa=1/2,

then N<2U +k (1+1In2) . Ifa<1/2,thenN< U/ (1-q) +K[1+In2/(1—0()].

Proof: In the completed FT-RM-NF schedule, let us first establish the relationship between

the N, processors used inthe|th processor classand the total utilization of all the versions assigned

tothese N, processors, i.e., between N, and U, = ZN'_
j=1

bine the relationships together to obtain the final result.

Ul,j forl =1, ..., K. Thenwewill com-

For the jth processor P, j of theIth processor class, let T L g2 T s bethe s j ver-
sions (tasks) that are assigned to it and U, P = Z?"':lul i K forj=1,..., N,, where U« denotes

the utilization of the kth version (task) assigned to processor P Furthermore, let Vi i be the V
N .
valueof task T ; ; and By ; =V .14~ V| ;- Then Zj L 1By ;= 1. According to FT- RM-NF,

we have
LUt U g > max{In2, 1B, 2} 21— In2 ®)

forj=1,..., (Nj=1).Since U, ;,, 2y, 1, Wwehave

U j*+U j4121-B;In2 ©)

from (2), wherej =1, ..., (N, —1) . Summing up the (N, —1) inequalitiesin (3) yields

N -1
25 ™ U = U - U 2 (N =D =In2 SR 2 (N - 1) - In2

. N -1

since Zjlzl B ;< J_1B|j<1 In other words, 22 > (N=1) +Up +Up =2

2N, —1-1n2.

Summing up al K classes of processorsyields

22_12]_1%2Z:‘le,—K(lﬂnz)
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SinceN = ZI _ N, and ZI -121 _,U Zﬂ_luJ =U, i.e, thetotal utilization of all the

processorsis equal to the total utilization of the task set, we have
N<2U + k(1 +1n2).

Ifa=max ,(C;;/T) ,thenazu,,,,, ad
Uj+a>1-BIn2 4

from (2), where j = 1, ..., (N;—1). Summing up the (N,—1) inequalities in (4) yields
Z Y+ (N=-Da> (N-1) —In2 ZN':_llBU > (N,=1) —In2, since ZN':_EBLJ- <

21—1[3']_1

In other words, ZN Y j—a >N (1-a) -1-In2. Then

j

1 N, 0 In2 O
Ni<g=g 2=Vttt 140

Summing up all kK classes of processorsyields

K 1 K N, 0 In2 O
ZI=1N'<1—aZI:1Z:1U'i+KDl+1—aD
SinceN=%7_ N and $7_, J—l =3 1.4 =U, wehave
U O In2
N<1- *Km“l—_am
Hence, we have proven the theorem. [ |

Since the optimal number of processors required to execute atask set is no smaller than the
total utilization of the task set, i.e, in term of the above notations, N, = z 1 Uj»we have the fol-
lowing corollary immediately.

Corollary 2: Let Nand N, be the number of processors required by FT-RM-NF and the min-
imum number of processors required to feasibly schedule a given set of tasks, respectively. Define
o = max; (C j/Ti) Ifa = 12, then N<2Nj+K (1+1In2). If a < 12, then N/N, <
1/ (1-a) + [1+In2/ (1-0a)] K/N,.

Having proven the upper bounds for the FT-RM-NF agorithm, we next show that the upper

bounds are tight, asymptotically speaking.
Theorem 3: O cune = 2 Derrvne (@) = ﬁ for o < 1/2.

Proof: SinceN<2N, + 1+In2fork =1, DFT rRM-NE < 2 &ccording to the definition. Since
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N__1 , 51+I|2-2&E&0 fork =1landa < 1/2, wehave 0 e (@) < T L

.Weneed to
N, 1-a - - 1 -
provethat whenk =1, 0 1 pvne =230d U pyne (0) = —— for a < 1/2. Then we can con-

l1-a
clude that the bounds are tight.

To prove that the above bounds are tight, we need only to construct task sets that require the
upper-bounded numbers of processors when they are scheduled by RM-FF-NF.

Let n = 4k where k is a positive integer and € be an arbitrarily small number suchthat 0 < ¢
<< 1/n. Furthermore, define & > 0 such that ™ <1+e

Then for thefirst bound, the set of ntasksZ = {14, T,, ..., T,,} isconstructed as follows:
1= (C,T) =2 2% fori=2jandj=0,1, ..., 2k~ 1;

1= (C,T) =(e. 2°)fori=2j+1,j=0,1, ..., 2k~ 1.

Since V,, ; =V, =9, thetasks are in the order of increasing V values.
We first claim that 2k processors are required to schedul e the task set by RM-FF-NF.
According to the schedulability condition used by RM-FF-NF,

1£_2+ e, L2 vz & V2. .9 o5m=1-pin2
2]6 2(2]+1)6 2

(2/+2)8 nd | nd nd
where=20andj=0,1, ...... , 2k —1.

2 2 2

Hence, tasks 15 +1 and T,y ae assigned to a processor, forj =0, 1, ..., 2k — 1, in the com-
pleted RM-FF-NF schedule. Then atotal number of 2k processorsis required by RM-FF-NF.

We next claim that k + 1 processors are needed to schedule the same task set in the optimal
schedule.

Since 2 +1/2=1<2"° fori = 2jandj=0,1, ..., 2k- 1, any two of these 2k tasks can be
scheduled on a processor. Yet any three of these tasks cannot be scheduled on a processor since 1/
2+12+12>1+Un>1+e>2"™. Therefore, exactly k processors are needed to schedule these
2k tasks. For the other 2k taskswith T, = (C, T;) = (g, 2°)fori=2j+1,j=0,1, ..., 2k~ 1, and
€ > 0, one processor is needed to schedulethem sincene << 1< o'

Let Nand N, bethe number of processors required by RM-FF-NF and the minimum number
of processors required to schedule this task set, respectively. Then N = 2k and N, =k + 1. Hence

[oe]

U errvne =2

For the second bound, task sets can be similarly constructed to prove that the upper-bounded
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number of processors is required by RM-FF-NF in each case. Hence we can conclude that

U ]

- 1
Fr-rv-nE (O) = 1o

V. Empirical Study of FT-RM-NF

In the above section, the performance bound of the new algorithm was derived under worst-
case assumptions. While a worst-case analysis assures that the performance bounds are satisfie
for any task set, it does not provide the insight into the average-case behavior of the algorithm. In
order to answer such questions as whether the algorithm performs on the average close to its worst-
case performance, one can analyze the algorithm with probabilistic assumptions, or conduct sim-

ulation experiments. Wresort to simulation.

The simulation is conducted by running the algorithm ongelaumber of computer gener-
ated sample task sets and averaging the results over a number of runs. The input data of all param-
eters for a task set are generated according to uniform distribution. The periods of tasks are
generated in the range o£T; <500. The number of versions for each task is uniformly distributed
in the range of ¥ k; < 5. The computation time of each version is in the range<of}; < aT;,
wherea = max; (Ci’j/Ti) .The output parameter for the algorithm is the percentage of extra pro-
cessors used to accommodate a set of tasks, with regard to the total utilization (or load) of the task
set. The total load of a task set is giverlby Z”= 1%2:: 1C”H/Ti , which is a lower bound
on the number of processors needed to execute the task set. In other words, the optimal number of
processors needed to schedule a task set with a ldhdsat least). Suppose thatl (Z) is the

number of processors required by-RW-NF to schedule a task setwith a load ofUJ, then the
N(Z) —U
—U

The simulation results are plotted in Figure 1 and Figure 2 with two valeed be number

percentage of extra processors is giveri@y x

of runs for each data point is chosen to be 20, since for our experiments, 20 rgesaadaigh to
counter the déct of “randomness”. In order to make comparisons, we also run the same data
through the on-line algorithm FRM-FF [13]. Whena is small, FTRM-NF consistently outper-
forms FFRM-FFE On the average, FRM-NF uses less than 20% extra processors wheg.5,

and less than 10% extra processors whgi®.2. The superiority of this algorithm is quite obvious.
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V. Conclusions

In this paper, we have investigated the problem of providing fault-tolerance in a rea-time
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system where rate-monotonic scheduling is used to guarantee task deadlines. Although our
approach does not address specific fault-tolerant mechanisms or implementation issues, its merit
liesin providing atheoretical bound on how many processors are required to tolerate acertain num-
ber of processor failures or task errors. Although it is a static algorithm, the proposed algorithm
performs consistently better than a previous algorithm proposed for the same problem. The worst-
case analysis shows that the algorithm FT-RM-NF has aworst-case performance bound of no more
than 2. The performance of the algorithms can be significantly improved when the maximum
allowable utilization of atask issmall. Simulation results also indicate that the algorithm performs
very well on the average. The superior performance of the algorithm is achieved through employ-
ing a new and more effective schedulability condition for the rate-monotonic scheduling and a
clever allocation scheme.

There are some limitations in this work. First, for some practical applications, certain tasks
must be associated with certain peripheral devices (or processors). This implies that we may not
have as much freedom in assigning tasks to processors as we have in our algorithm. Second, the
means of voting are not considered here, although they can be treated as a part of the operations
for each version. These seem to be practical issues and their solutions are more likely to be appli-
cation-specific. For future work, it would be interesting to do a case study based on this algorithm
to obtain the fault-tolerance parameters (such as reliability and availability) of a practical system,
and to extend this work to consider the situation where some tasks may share resources.

Due to the inevitable employment of multiprocessorsin many real-time applications and the
widespread use of the rate-monotonic scheduling algorithm for guaranteeing task deadlines, the
problem of meeting task deadlinesin such systems even in the presence of some processor failures
or task errors becomes an urgent one to address. Despite certain limitations, we believe that the
problem studied in this paper is an important one and the presented results are timely ones for the
research community and for practitioners at large.
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