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Abstract—Here we consider a state-constrained stochastic lin-
ear quadratic control problem. This problem has linear dynamics
and a quadratic cost, and states are required to satisfy a proba-
bilistic constraint. In this paper, the joint probabilistic constraint
in the model is converted to a conservative deterministic one
using multi-dimensional Chebyshev bound. A maximum volume
inscribed ellipsoid problem is solved to obtain this probability
bound. We then design an optimal affine controller for the
resulting problem. The convexity of the Chebyshev bound-
constrained problem is proved and a practical algorithm is
developed. Two numerical examples show that the algorithm is
very reliable even when the disturbances are big and the problem
horizon grows to as long as 20 stages. It is also shown that the
approach proposed in this paper can be used to reformulate some
classical problems such as tracking problems.

I. I NTRODUCTION

In this paper we consider a probability constrained discrete-
time stochastic linear-quadratic control problem with additive,
zero mean and finite second moment disturbances. This prob-
lem is repeatedly solved in stochastic model predictive control
scheme. Unconstrained discrete-time stochastic LQ control has
been extensively studied over the last half-century, and itis
well-known that there exists a closed form optimal solution
which can be expressed in terms of the discrete-time algebraic
Riccati equations, provided the system is controllable and
observable (see [1] and references therein). However, con-
strained problems present unique challenges that are generally
not addressed by classical methods.

Recently, probability constrained linear quadratic control
has been a very active research area in the control community
(e.g., see [3], [4], [2] and [5]), as it is a natural extensionof
the constrained deterministic linear quadratic control. Proba-
bility constrained optimization problems were first studied by
Charnes, Cooper, and Symonds [6], Miller and Wagner [7] and
Prekopa [8]. Hard, robust constraints (see [9]) can be viewed
as probability constraints that must hold with probability1.
Interestingly, sometimes a small relaxation of this probability
requirement can lead to a significant improvement in the
achievable objective function value. Currently there are two
main-stream approaches dealing with probability constraints:
probabilistic approximation (see [15], [11] and [10]) and sam-
pling (see [12] and [13]). However, existing results primarily
deal with scalar cases. To the authors’ knowledge, no practical
methods exist for multi-dimensional probability constraints.

In deterministic LQR problems, open-loop and closed loop
strategies are equivalent. So, in finite horizon problems, an

optimal control sequence can be computed by solving a con-
strained quadratic program, even when inequality constraints
on states and controls are present. In a stochastic setting,
performance can be improved by utilizing a closed loop
controller. That is, knowledge of past disturbances can be
incorporated into the control actions taken at each time period.
Here we consider the design of closed loop controllers that
minimize an LQR cost subject to a probability constraint on
the system’s states.

The main purpose of this paper is to derive a tractable ap-
proximation of the state-constrained stochastic LQR problem,
and develop an algorithm for computing an optimal affine
controller for this approximation. We summarize an algorithm
that is practical and can be implemented with conventional
optimization solvers. Moreover, the controllers producedby
this algorithm are guaranteed to be feasible with respect to
the probability constraints in the state-constrained stochastic
LQR problem.

The rest of the paper is organized as follows: In section II,
we formulate the state-constrained stochastic LQR model. In
section III, we propose an inner approximation of the proba-
bilistic state constraints using a multi-dimensional Chebyshev
bound. In section IV, we specify a convex program that can be
solved to compute an optimal causal, affine controller for the
approximated state-constrained stochastic LQR problem. We
also summarize the algorithm framework for the approximate
problem. In section V, two numerical examples are shown
to demonstrate the reliability of the approach, by comparing
our approach with the certainty equivalent model. Finally,
conclusions and a discussion of future work are given in
section VI.

II. PROBLEM FORMULATION

The probabilistic state constrained stochastic LQR model is
formulated as:

minimize: E[
∑N−1

k=0 (xT
k Qxk + uT

k Ruk) + xT
NQNxN ]

subject to: xk+1 = Axk + Buk + wk for k = 0, . . . , N − 1

P (T1x1 + · · · + TNxN ≤ b) ≥ α

We call this problem(P1). In this formulation, we assume the
initial state vectorx0 is known. N is the problem horizon,
xk ∈ Rn is the system state at time k,uk ∈ Rn the control
applies at timek and wk ∈ Rn is the random disturbance



applied to the system at timek. The wk are stage-wise
independent with zero mean and covariance matricesΣk. QN

is a terminal cost matrix. The constraint is a probabilistic
constraint on the states over the entire problem horizon.

In this paper, we aim to develop an algorithm for computing
closed-loop controllers. Rather than solve this problem exactly,
we will replace the probability constraint with an inner approx-
imation. A controller that is feasible for this approximation
will be guaranteed to be feasible for the original probability
constraint. Our goal is to find a reliable and fast way to solve
this problem. First we rewrite the system dynamics in matrix
form. Since the system dynamics are linear, after some algebra,
we get:

X = Fx0 + HU + GW

where

X =





x1

...

xN



, U =





u0

...

uN−1



, W =





w0

...

wN−1





The block matricesF, H andG (note that for convenience
the indices start with 0) are given by:

F =





f0

...

fN−1



 , H =





h0

h1 h0

...
.. .

hN−1 hN−2 . . . h0





G =





g0

g1 g0

...
. ..

gN−1 gN−2 . . . g0





fk = Ak+1, hk = AkB, andgk = Ak.

k = 0, 1, . . . , N − 1.

Observse thatW has zero mean and its block covariance
matrix Σ is given by:

Σ =





Σ0

. . .

ΣN−1





Our next step is to reformulate(P1) with this new notation.
Let the diagonalN × N block matricesQ and R be defined
as follows:

Q =





Q

. . .

Q

QN




, R =





R

.. .

R





Using the notation above, we can rewrite(P1) as a more
compact form.

minimize: E[X T QX + UT RU ] + xT
0 Qx0

subject to: P (TX ≤ b) ≥ α
(1)

whereT is a matrix constructed by concatenating the matrices
T1, . . . , TN . In the next section, we will replace the probabilis-
tic state constraint in (1) by a multi-dimensional Chebyshev
inequality.

III. A PPROXIMATION OF THE PROBABILISTIC CONSTRAINT

In this section we present a conservative approximation for
the probabilistic constraint in (1), using the multi-dimensional
Chebyshev inequality. Before we derive the main result of this
paper, we mention that there exist several approaches to tackle
scalar chance constraints, namely Bernstein approximations
and scenario approximation. The goal for this section is
to derive a method to approximate multidimensional chance
constraints, which serves as the foundation of our control
algorithm in the later sections. The following theorem provides
a multi-dimensional Chebyshev inequality [14]:

Theorem 1. Let z be a random vector inRd andS a subset
of Rd defined by a collection of linear inequalities. IfP ∈ Sd,
q ∈ Rd and r ∈ R are chosen so that

{z ∈ Rd | zT Pz + 2qT z + r ≤ 1}

is an inscribed ellipsoid of setS, then we have

1 − E[zT Pz + 2qT z + r] ≤ P(z ∈ S)

Proof: Let f(z) = zT Pz + 2qz + r, then f(z) ≥ 0
for z ∈ S and f(z) ≥ 1 for any z ∈ Sc, whereSc is the
complement ofS. Let ISc(.) be the indicator function onSc,
then

f(z) ≥ ISc(z)

Therefore,

E[f(z)] ≥ E[ISc(z)] = P(z ∈ Sc)

which is the same as

1 − E[zT Pz + 2qz + r] ≤ P(z ∈ S)

Note that

E[zT Pz + 2qz + r] = Tr(PE[zzT ]) + 2qT E[z] + r

The underlying probability distribution ofz does not affect the
nature of the bound. In other words, the bound is valid for any
distribution, or an ambiguous distribution (see [10] and [16]
for example), as long as its first and second moment coincide
with the given ones.

Theorem 1 gives a lower bound on the probability that
z falls into S, or an upper bound on the probability thatz

falls outside. Now we consider how to use it to approximate



the probabilistic constraint. Observe that the constrainton the
system states

TX ≤ b

can be rewritten as

T
[
H G

]
[
U

W

]
≤ b − TFx0

Let

z =

[
U

W

]
, b̂ = b − TFx0

and
T̂ = T

[
H G

]

The state constraint simply becomes

T̂ z ≤ b̂ (2)

Now we can then substitute the probabilistic constraint with

E[zT Pz + 2qT z + r] ≤ 1 − α

whereP , q andr are the parameters for an inscribed ellipsoid
of the convex set defined by (2).

Theorem 1 does not mention the way for selecting the
inscribed ellipsoid. Of course there are many possible ways
to choose the ellipsoid and as one can expect, the quality of
the bound largely relies on the choice of the ellipsoid. It is
not clear how to optimally choose one, since the ellipsoid
that provides the sharpest bound will be dependent upon the
first and second moments ofz. One reasonable choice is
to use the maximum volume inscribed ellipsoid (see [14]).
This ellipsoid can be easily computed using conventional
semidefinite programming (SDP) solvers.

Let S be the polyhedron defined by the linear inequalities:

{T̂iz ≤ b̂i, i = 1, ...,m.} (3)

The maximum volume inscribed ellipsoid ofS is given by

{Bu + d | ‖u‖2 ≤ 1}

whereB ∈ Sd, andd ∈ Rd are obtained from the following
log-det program:

maximize: log detB

subject to: ‖BT̂i

T
‖2 + T̂id ≤ b̂i for i = 1, ...,m

(4)

Using the affine mappingz = Bu + d, we can obtain the
formulation of the maximum volume inscribed ellipsoid in
terms ofz.

{z| zT Pz + 2qT z + r ≤ 1}

where the transformation is given by

P = (BBT )−1, q = −Pd andr = dT Pd (5)

The approach to replace the probabilistic constraint has been
shown. One issue is that originallŷTz ≤ b̂ may be unbounded,
so the maximum volume inscribed ellipsoid is not applicable.

This issue can be addressed by adding box constraints to the
control and the disturbances.

−M ≤ U ≤ M,−M ≤ W ≤ M

whereM is sufficiently large.

IV. A FFINE CLOSED-LOOP CONTROLLER DESIGN

We consider the following closed-loop control law

ui = ūi +
i−1∑

j=0

K(i,j)wj , i = 0, 1, ..., N − 1.

where K(i,j) are constant gain matrices. This approach is
similar in spirit to [19]. Also, note that this control law is
an affine function of past disturbances instead of past states.
Given the structure of theG, H, and K matrices in our
problem, it is always possible to recover the disturbances
w0, . . . , wt−1 from the statesx0, . . . , xt. So, this control law
can be equivalently implemented as a state feedback control
law.

This control consists of a constant component and a linear
combination of the uncertainties. To be consistent, it is more
convenient to write them in the following form

U = U + KW

whereK is the gain matrix given by

K =





0

K(1,0) 0

K(2,0) K(2,1)

...
. . .

. . .

K(N−1,0) . . . K(N−1,N−2) 0





As it can be seen, the gain matrixK is strictly block lower
triangular due to the causality of the control law. We leaveK

to be a variable of the optimization problem.
To summarize, recall that our aim is to minimize

E[X T QX + UT RU ],

where

X = Fx0 + HU + (G + HK)W,

U = U + KW,

z =

[
U

W

]
,

Tr (PE[zT z]) + 2qT E[z] + r ≤ 1 − α,

and the optimization variables are the vectorU and the strictly
block lower triangular matrixK. Directly in terms of these



optimization variables we can write this problem as(P2):

minimize:

[
x0

U

]T [
FT QF FT QH

HT QF HT QH + R

][
x0

U

]

+Tr(KT (HT QH + R)KΣ + 2KT HT QGΣ)

subject to: U
T
P11U + 2qT

1 U

+Tr(KT P11KΣ + 2KT P12Σ)

≤ 1 − α − r − Tr(P22Σ)

Here we have partitionedP andq as

P =

[
P11 P12

PT
12 P22

]
q =

[
q1

q2

]

If the problem is solved then we obtained the optimal
control policy expressed as a constant term plus a linear term
associated with the disturbances. The problem(P2) turns out
to be a convex quadratic program with respect to(Ū , K).

Theorem 2. (P2) is a convex quadratic program.

Proof: First we look at the objective. The objective is
expressed as a sum of quadratic two terms, one exclusively
in terms of the variableU and the other exclusively in
terms of the variableK. Since Q and R are both positive
semidefinite, the term inU is convex. The term inK is convex
if Tr (KT (HT QH + R)KΣ) is convex. Since any positive
semidefinite matrix can be expressed as a finite nonnegative
linear combination of matrices of the typeββT ( [20]), we
have

Tr (KT (HT QH + R)KΣ)

= Tr (KT (HT QH + R)K
t∑

i=1

βiβi
T )

=
t∑

i=1

(Kβi)
T (HT QH + R)(Kβi)

which is a non-negative linear combination of convex func-
tions of Kβi. So this term is convex inK and therefore the
objective is convex.

Now we prove the constraint is also convex. As with the
objective, the left hand side of the constraint is expressed
as a sum of quadratic two terms, one exclusively in terms
of the variableU and the other exclusively in terms of the
variableK. SinceP11 is positive semidefinite, the term inU is
convex. The term inK is convex ifTr(KT P11KΣ) is convex.
Using the same analysis for the objective here, we conclude
that Tr(KT P11KΣ) is a non-negative linear combination of
convex functions. Hence, the constraint is a convex quadratic
constraint.

We showed the approach to replace the probabilistic con-
straint and designed a causal affine control law for the resulting
problem. We further proved that the this control law can be
computed by solving a convex program. For completeness, the
algorithm that used to solve(P1) is summarized in Table I.

TABLE I
THE ALGORITHM

Step 1: ComputeF, H, G, Σ, Q andR.

Step 2: ConstructT̂ , b̂ and the setS using (2).

Step 3: Solve the maximum volume inscribed ellipsoid problem (4)

and obtainB andd.

Step 4: Use the transformation (5) to getP , q andr.

Step 5: Solve (P2) for U andK.

V. NUMERICAL EXAMPLES

In this section we choose two state-constrained stochastic
LQR problems with 2 states and 2 control inputs, showing
the reliability of the approach. We compare our approach
with the certainty equivalent approach only, which replaces
random variables with their expected values. As we men-
tioned before, there exist approximation methods for scalar
cases. For the Bernstein approximation method, there is no
immediate result for multi-dimensional cases. We also tried the
scenario approximation method, however, the number of the
introduced constraints that replace the probabilistic constraint
easily grows to thousands and the solver time is too long to be
practical. All the examples are implemented in Matlab, using
Yalmip [18] and SDPT3 [17].

The system dynamics and disturbance parameters are given
by

A =

[
1.02 −0.1

0.1 0.98

]
, B =

[
0.5 0

0.05 0.5

]
,

Q =

[
10 0

0 10

]
, R =

[
5 0

0 5

]
, QN =

[
50 0

0 50

]

The initial system state and the uniform box state constraint
are given by

x0 =

[
10

10

]
,

[
0

0

]
≤ xk ≤

[
30

30

]

The disturbance vectors are multi-dimensional normal and
i.i.d..

wk ~N

([
0

0

]
,

[
0.81 −0.648

−0.648 0.81

])

The probability requirementα is set to be0.8. The trajectories
of our model and the certainty equivalent model are shown in
the following figures.
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Fig. 1. 2D trajectories for the 20-stage case
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(b) Chebyshev bound: x2
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Fig. 2. state trajectories for the 20-stage case

First we test our approach on problems with box state
constraints. Figure 1(a) contains the trajectories of the state-
constrained stochastic LQR problem with a horizon containing
20 periods solved using our approach. Figure 1(b) is those
solved using the certainty equivalent model. The simulation
is repeated 50 times. As we can see, our model, which uses
Chebyshev bound successfully keeps the trajectories within
the red dotted boundary box, which represents the state
constraints. The trajectories of the certainty equivalentfall out
of the boundaries quickly as the controller acts risky towards
the origin, where the cost is minimized. Figure 2 gives the
trajectories in detail by showing them state-by-state. Figure
2(a) and Figure 2(b) are the state trajectories for our model
and Figure 2(c) and Figure 2(d) are those for the certainty
equivalent model.

We also test our approach on a 10-stage tracking problem.
The trajectory we are trying to track is given by

yk =

[
5 sin(0.2k)

5 cos(0.2k)

]

The feasible trajectory region is defined by manipulating the
upper and lower bounds of the states

yk − 5 ≤ xk ≤ yk + 5

The distribution of the i.i.d. disturbances is different inthis
example

wk ~N

([
0

0

]
,

[
0.12 0

0 0.12

])

The simulation results are shown below.
Figure 3(a) shows the trajectories of the 10-stage tracking

problem using our approach and Figure 3(b) shows those
solved using the certainty equivalent model. Figure 4(a) and
Figure 4(b) are the state trajectories for our model and Figure
4(c) and Figure 4(d) are those for the certainty equivalent
model. This example gives an alternative way to formulate the
tracking problem other than using penalties. We can see that
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(b) Certainty equivalent

Fig. 3. 2D trajectories for the 10-stage tracking case
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Fig. 4. State trajectories for the 10-stage tracking case

our approach performs robustly against the uncertainty and
stays in the desired trajectory region (between the red dotted
curves) while the certainty equivalent approach disregards the
risk of violating the constraints and behaves very aggressively.

VI. CONCLUSION AND FUTURE WORK

In this paper, we proposed an approach to approximate
probabilistic constraints using the multi-dimensional Cheby-
shev bound and the maximum volume inscribed ellipsoid.
We also designed an optimal causal affine controller for
the approximate problem and proved the convexity of it. A
practical algorithm is summarized to solve the problem which
can be developed using general quadratic program solvers.
This approach also can be used as a subroutine in a model
predictive control algorithm for state-constrained stochastic
LQR problems.

The results derived in this paper can also be applied to solve
other problems coupled with joint probabilistic constraints. For
example, a noisy input can be modeled using joint probabilistic
constraints, which can be replaced by a convex deterministic
one with our approximation approach. Also, the causal affine
controller can be extended to nonlinear controller if one can
choose qualified basis functions of the disturbances to replace
the affine disturbance structure.

REFERENCES

[1] D. Bertsekas, Dynamic Programming and Optimal Control, Vol.II,
Athena Scientific, 2007.



[2] D. Bernardini and A. Bemporad, Scenario-based model predictive con-
trol of stochastic constrained linear systems. In Proceedings of the 48th
IEEE Conference on Decision and Control, 2009.

[3] A.T. Schwarm, M. Nikolaou, Chance-constrained model predictive con-
trol. AIChE J. 45 (8), 1743-1752, 1999.

[4] P. D. Couchman, M. Cannon, and B. Kouvaritakis. MPC as a tool for
sustainable development integrated policy assessment. IEEETransac-
tions on Automatic Control, 51:145-149, 2006.

[5] M. Shin and J. A. Primbs, A Fast Algorithm for Stochastic Model
Predictive Control with Probabilistic Constraints. In Proceedings of the
American Control Conference, 2010.

[6] A. Charnes, W. W. Cooper, and G. H. Symonds, Cost horizons and
certainty equivalents: An approach to stochastic programming of heating
oil. Management Science, 4, pp. 235-263, 1958.

[7] L. B. Miller and H. Wagner, Chance-constrained programming with joint
constraints. Oper. Res., 13, pp. 30-945, 1965.

[8] A. Prekopa, On probabilistic constrained programming, inProceedings
of the Princeton Symposium on Mathematical Programming, Princeton
University Press, Princeton, NJ, pp. 113-1388, 1970.

[9] A. Ben-Tal and A. Nemirovski, Robust Convex Optimization.Mathe-
matics of Operations Research 23, pp. 769-805, 1998.

[10] A. Nemirovski and A. Shapiro, Convex approximations of chance
constrained programs. SIAM Journal of Optim., Vol. 17, No. 4, pp.
969-996, 2006.

[11] A. Nemirovski, On tractable approximations of randomly perturbed
convex constraints. In Proceedings of the 42nd IEEE Conference on
Decision and Control, Maui, HI, pp. 2419-2422, 2003.

[12] G. Calafiore and M. C. Campi,The scenario approach to robust control
design, IEEE Trans. Automat. Control, 51 (2006), pp. 742-753.

[13] A. Nemirovski and A. Shapiro, Scenario approximations ofchance
constraints. in Probabilistic and Randomized Methods for Design under
Uncertainty, G. Calafiore and F. Dabbene, eds., Springer-Verlag, London,
2005.

[14] S. Boyd and L. Vandenberghe. Convex optimization, Cambridge Uni-
versity Press, 2004.

[15] A. Ben-tal and A. Nemirovski. Robust solutions of LinearProgramming
problems contaminated with uncertain data, Mathematical Programming,
vol 88, pp. 411-424, 2000.

[16] J. Dupacova, The minimax approach to stochastic programming and an
illustrative application, Stochastics, vol. 20, pp. 73-88, 1987.

[17] M. J. Todd, K. C. Toh, and R. H.Tutuncu, On the implementation and
usage of SDPT3: a Matlab software package for semidefinite-quadratic-
linear programming, version 4.0, 2006.

[18] J. Lofberg, YALMIP : A Toolbox for Modeling and Optimization in
MATLAB, In Proceedings of the CACSD Conference, 2004.

[19] J. Skaf and S. Boyd. Design of affine controllers via convex optimization.
http://www.stanford.edu/∼boyd/papers/affinecontr.html , 2010.

[20] D. Chatterjee, P. Hokayem, and J. Lygeros, Stochastic receding hori-
zon control with bounded control inputs-a vector space approach,
http://arxiv.org/abs/0903.5444, 2010.

[21] Peter Hokayem, Debasish Chatterjee, John Lygeros, On Stochastic Re-
ceding Horizon Control with Bounded Control Inputs, IEEE Conference
on Decision and Control, pp. 6359-6364, 2009.


